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Action-angle coordinates 

Actions (J) are constants 
of motion

Angles increase linearly,   
θ = θ0 + Ωt (with 2π 
period)

So dynamics is suddenly 
easy to describe



f(J) is in equilibrium

Jφ – angular momentum
JR – describes radial motion
Jz – describes vertical motion



How to find them 
Only directly available for a few simple potentials


However, various approximation techniques have been found 

and used.

Adiabatic approximation     (motion decouples in R & z, e.g. Binney & McMillan 2011)

Stackel ‘fudge’                         (motion decouples in ellipsoidal coordinates, Binney 2012)

From orbit integration         (fit ‘generating function’ to data, Sanders & Binney 2014)

Torus modelling                     (find analytic description of full orbit with given actions, 
           Kaasalainen 1994, McMillan & Binney 2008, 
           McMillan, Dehnen & Binney in prep)

Start from x,v

Start from J,θ



No excuses 

These are all now available publicly – they are easy to find and use 
because other people have done the work 


Stäckel fudge – github page coming soon – quickest

From orbit integration – github.com/jlsanders/genfunc – 
implemented for triaxial potentials

(see also github.com/jobovy/galpy)


Torus modelling - github.com/PaulMcMillan-Astro/Torus 
– for model building



Suitable dfs for disc galaxies 
f(J) is in equilibrium, but what form to use?

(Spitzer 1942)

(Shu 1969, see also Dehnen 1999)

Density profile  
(R ~ Jϕ/vc) 

(Binney 2010, Binney & McMillan 2011)



Fit to local velocity & density 

Add many 
together, with 
varying 
σ(stellar age), 
can fit to local 
kinematics and 
density profile

vφ  
local 

vR  
local 

ρ(z)  
local vφ(z)  

local 

(Binney 2010) 

But note that a 
shift in vϕ 
would give a 
better fit – can 
do this by 
assuming 
different vϕ,¤

c.f. McMillan & Binney 2010, Schönrich, Dehnen & Binney 2010 



Finding the Galactic potential 
As with Schwartzchild modelling, if f(J) in Φ fits the data, that’s the 
‘best’ potential

Find by maximum likelihood on discrete data (for each star 
l,b,parallax,μ,vr)

Fortunately we checked whether this was feasible with pseudo-data 
before diving in to real data (McMillan & Binney 2013)…

Error bars: numerical uncertainty

Torus library Stäckel fudge
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Finding the Galactic potential 
with RAVE data 

We’ve implemented a quicker, 
simpler approach to analyse RAVE 
data:

1.  Demand potential fits other 

constraints (e.g. Sgr A* proper 
motion), for fixed halo 

2.  Fit f(J) to (binned) kinematics of 
RAVE giants

3.  Iterate until density profiles of 
stellar discs in df & potential are 
consistent.

4.  Compare to vertical density 
profile from literature (Juric et 
al 2008, 0.7<r-i<0.8)

(Piffl, Binney, McMillan, & RAVE 2014)



Local dark matter  
We’re left with effectively two free parameters for the potential:
Local DM density & halo flattening. 

For spherical halo:

ρDM,¤ = 0.0126 M¤/pc3

                = 0.48 GeV/cm3



Note that statistical error 
bars are tiny (~0.4%)



With systematic uncertainties 
and varying halo flattening 

Where q is axis ratio of DM halo, and α = 0.89

Largest component of the uncertainty is the systematic uncertainty in 
the distance scale 


Is there any survey ongoing that could help with that?



Conclusions 

Action-angle coordinates are immensely 
valuable, and now they’re easy to use.

We’ve already used them to analyse Milky 
Way data, and determined the local DM 
density

Models based on action-angle coordinates will 
be vital for extracting information about 
Galactic structure from Gaia data.





Non-equilibrium structure 
(trapping by transient spiral (?)) 

q-iso 

real 

Noted by Sellwood (2010)

Hyades moving group in 
solar neighbourhood 
consistent with trapping at 
a Lindblad resonance.

This can be modelled as an 
overdensity in action-angle 
space. (McMillan 2011, 
2013) 


